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THE SATO-TATE CONJECTURE AND NAGAO’S CONJECTURE
SEOYOUNG KIM
Abstract. Nagao’s conjecture relates the rank of an elliptic surface to a limit formula arising
from a weighted average of fibral Frobenius traces, and it is further generalized for smooth
irreducible projective surfaces by M. Hindry and A. Pacheco. We show that the Sato-Tate
conjecture based on the random matrix model implies Nagao’s conjecture for certain twist
families of elliptic curves and hyperelliptic curves.
In [13], Nagao suggests a compelling conjecture relating the rank of an elliptic surface E to
a limit formula arising from a weighted average of Frobenius traces from each fiber. Rosen
and Silverman [16] showed Tate’s conjecture on the vanishing of L2(E , s) implies Nagao’s
conjecture. On the other hand, we know from [22] Tate’s conjecture implies the Sato-Tate
conjecture for elliptic curves which is proven for elliptic curves defined over totally real field or
having complex multiplication. In this note, we present some cases which Nagao’s conjecture
is true assuming the Sato-Tate conjecture. Moreover, using the Sato-Tate conjecture for
abelian surfaces [3], we prove some cases of the generalized Nagao conjecture (following the
formulation of Hindry and Pacheco [5]) for higher genus curves.
1. Introduction
Let k/Q be a number field. For a prime p of k, denote by Fp the residue field of p and qp
the norm of p, i.e., qp = #Fp. Given a smooth projective curve C defined over k, let E be
a non-split elliptic surface E → C defined over k which is regular and proper over C. For a
fixed prime p, we denote by E˜ and C˜ over Fp, respectively, the reductions of E and C modulo
p. Then there exists a finite set of primes S such that for every prime outside of S, the
reduced elliptic surface is regular and proper. S could be larger or smaller as needed. Also,
for t ∈ C˜(Fp), if the fiber E˜t is smooth, define its trace of Frobenius
ap(E˜t) = 1−#E˜t(Fp) + qp.
We drop the tilde on E if it is clear in the context. Also, we define
Ap(E) = 1
qp
∑
t∈C˜(Fp)
ap(Et),
we can state Nagao’s conjecture [16].
Conjecture 1.1 (Nagao’s Conjecture over k for elliptic surfaces).
lim
N→∞
1
N
∑
p
qp≤N
−Ap(E) log qp = rank E(C/k).
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In this note, we are going to prove that, in certain cases, the Sato-Tate conjecture for
elliptic curves and abelian surfaces imply Nagao’s conjecture for elliptic curves and genus 2
curves, respectively. The following are the main results.
Theorem 1.2. Let E be an elliptic curve over k with complex multiplication by F = Q(
√−d),
i.e., Endk¯(E)⊗Q = F . Define a (non-split) surface Ef which is a nontrivial quadratic twist
of E : S2 = f(T ) = T 3 + aT + b,
Ef : y2 = x3 + f(T )2ax+ f(T )3b,
where a, b ∈ k. Then for a field L over k,
(i)
rank Ef(L(T )) =
{
1 if F 6⊂ L
2 if F ⊂ L.
(ii) Nagao’s conjecture is true for Ef .
Moreover, we can prove:
Theorem 1.3. Let f(x) ∈ Q[x] be an monic, squarefree polynomial of degree 3 or 5. Suppose
that there is an automorphism σ(x) ∈ PGL2(Q) which permutes the roots of f . Suppose
furthermore the σ(x) does not have a pole at ∞. Let D(T ) = f( T 2
f(σ(∞)) ). Define a surface
X fD → P1 by
X fD : D(T )y2 = f(x)
and assume the Jacobian of its generic fiber XfD/Q(T ) has trivial Q(T )/Q-trace. Then the
following hold.
(1) If f(x) has degree 3, Nagao’s conjecture is true for X fD.
(2) If f(x) has degree 5, the Sato-Tate conjecture for abelian surfaces implies Nagao’s
conjecture for X fD (Conjecture 3.2).
Moreover, if f(x) is a self-reciprocal (palindromic) polynomial, we can choose σ(x) =
1
x
. Then Nagao’s conjecture is true for the surface
f(T 2)y2 = f(x).
We can also find the following generalization of the above theorem.
Theorem 1.4. Let y2 = f(x) be an elliptic curve or a hyperelliptic curve of genus 2 defined
over Q. We consider a surface X fD → P1 which is defined using a hyperelliptic curve y2 =
D(T ) ∈ Q[T ]
X fD : D(T )y2 = f(x).
Denote by Jf and JD the Jacobian defined with the curves y
2 = f(x) and y2 = D(T ) respec-
tively. Also, denote the generic fiber of X fD by XfD/Q(T ), and we assume that XfD/Q(T ) has
trivial Q(T )/Q-trace. Assume that the Jacobian of D has a (Q-isogenous) factorization as r
copies of Jf , i.e., JD ∼ Jrf . Then the following hold.
(1) If y2 = f(x) is an elliptic curve, Nagao’s conjecture is true for X fD.
(2) If y2 = f(x) is a hyperelliptic curve of genus 2, the Sato-Tate conjecture for abelian
surfaces implies Nagao’s conjecture for X fD (Conjecture 3.2).
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Remark 1.5. The above condition in Theorem 1.4 on the factorization of the jacobian of a
curve is related to many interesting questions. In general, it is not easy to find a hyperelliptic
curve C with the jacobian J(C) satisfying
J(C) ∼ Er × B
for some elliptic curve E and abelian variety B for r ≥ 4 or with r = 3 and dimB ≤ 1. One
can refer [17, Problem 6.1]. For r = 2 case, one can find a nice family of curves in Theorem
3.7 and in [17, Theorem 3.1, Remark 6.3].
Theorem 1.6. Let E : y2 = f(x) be an elliptic curve over Q. We can consider a surface
X fD → P1 which is defined using a hyperelliptic curve y2 = D(T ) ∈ Q[T ]
X fD : D(T )y2 = f(x).
Denote by Jf and JD the Jacobian defined with the curves y
2 = f(x) and y2 = D(T ) re-
spectively. Also, denote the generic fiber of X fD by XfD/Q(T ), and we assume that XfD/Q(T )
has trivial Q(T )/Q-trace. Assume that the Jacobian of D has a (Q-isogenous) factorization
JD ∼ Er × E1 × E2 × · · · × Es, where Ei are elliptic curves without complex multiplication
which are not isogenous to E for i = 1, 2, · · · , s. Then Nagao’s conjecture is true for X fD.
2. Nagao’s conjecture and the Sato-Tate conjecture for elliptic curves
In [16] Rosen and Silverman consider an elliptic surface E that is a nontrivial twist (by
a modular elliptic curve) of an elliptic curve. By proving Tate’s conjecture on E and the
nonvanishing of L2(E/K, s) on ℜ(s) = 2, they showed Nagao’s conjecture is true on the twist.
We can also prove a special case of Nagao’s conjecture just assuming the Sato-Tate conjecture
in a more explicit way. Also, we can drop the modularity condition. First, we recall the exact
statement of the Sato-Tate conjecture for elliptic curves.
Conjecture 2.1 (Sato-Tate Conjecture). Let E be an elliptic curve defined over a number
field k. For a prime p of k, denote its absolute norm by qp. For all but finitely many primes,
we can consider the reduction of E at p, which is again an elliptic curve over the residue field
Fp. And the trace of Frobenius is defined by
ap(E) = 1−#E(Fp) + qp.
From Hasse’s theorem, we know |ap(E)| ≤ 2√qp. One defines θp by
ap(E)
2
√
qp
= cos θp.
The Sato-Tate conjecture tells us the distribution of the trace of Frobenius in terms of the
equidistribution with respect to a measure on [0, pi] of θp. More precisely,
If E does not have complex multiplication, then the set {θp} is
equidistributed with respect to the measure (2/pi) sin2 θ. Thus, for an
interval [α, β] ⊂ [0, pi],
lim
X→∞
#{p : qp ≤ X, α ≤ θp ≤ β}
{p : qp ≤ X} =
2
pi
∫ β
α
sin2 θdθ.
Remark 2.2. When E has complex multiplication, the following are already proven. We
adopt the same notation of Conjecture 2.1
(1) If E has complex multiplication which is defined over k, then the set {θp} is equidis-
tributed with respect to the measure 1
pi
dθ.
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(2) If E has complex multiplication which is not defined over k, then θp is equidistributed
with respect to the measure
1
2
δ0 +
1
2pi
dz√
4− z2 =
1
2pi
dθ,
where δ0 is the Dirac measure at 0 and z = cos θ.
One can find the proof of the above statements in [4, Corollary 3.8].
Remark 2.3. The Sato-Tate conjecture is known to follow from Tate’s conjecture [22]. The
Sato-Tate conjecture for elliptic curves with complex multiplication is proven relatively easily.
Recently, the Sato-Tate conjecture over totally real fields was proven jointly by R. Taylor, L.
Clozel, M. Harris, and N. Shepherd-Barron [1][6][23]. The Sato-Tate conjecture for genus 2,
i.e., the limiting behavior of the L-fuction of an abelian surface, has been studied by Fite´,
Kedlaya, Rotger, and Sutherland [3]. The generalized Sato-Tate conjecture in schematic for-
multation is nicely exposed in Serre’s book [18]. Also, one can find the motivic generalization
in [19]
In this section, we are mostly interested in surfaces which are defined using quadratic
twists. For applying the Sato-Tate conjecture in our case, we need the following lemma.
Lemma 2.4. Let k be a number field. Let {sp}p be a bounded sequence of non-negative
integers which is defined for each prime ideal p of k. For a positive integer N , define a set of
prime ideals with norm less than N ,
TN = {p : a prime in k with qp < N}.
We also define pik(N) = #TN . If one of the following sequences converges
(1)
{
1
N
∑
p∈TN
sp · log qp
}
N≥1
and
{
1
pik(N)
∑
p∈TN
sp
}
N≥1
,
then both converge to the same limit.
Proof. The proof is similar to the proof of Nagao [13] for k = Q. We can choose a constant
M > 0 such that |sp| < M for all prime ideals p. Moreover, denote the N -th term of sequences
CN =
∑
p∈TN
sp · log qp DN =
∑
p∈TN
sp.
From the definition, we get an obvious inequality
CN < DN logN.
On the other hand, for 0 < δ < 1, we get the following inequalities
CN =
∑
p∈TN
sp · log qp
≥
∑
Nδ<qp<N
sp log qp
≥ δ · logN
∑
Nδ<qp<N
sp
= δ · logN
∑
qp<N
sp − δ · logN
∑
qp≤Nδ
sp
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≥ δ · logN
∑
p∈TN
sp − δ · logN ·M ·N δ
> δ · logN ·DN − δ · logN ·M ·N δ.
And we know pik(N) = #TN ∼ N/ log(N) by the Landau prime ideal theorem. Therefore
(2) lim sup
N→∞
CN
N
≤ lim inf
N→∞
DN · logN
N
= lim inf
N→∞
DN
pik(N)
and
(3) lim inf
N→∞
CN
N
≥ lim sup
N→∞
δ ·DN · logN
N
= lim sup
N→∞
δ · DN
pik(N)
.
Thus, the result follows. 
The above lemma enables us to consider a slightly simpler form of Nagao’s sum,
lim
N→∞
1
pik(N)
∑
p
qp≤N
−Ap(E) = rank E(C/k).
We will write pik(N) = pi(N) if k is defined clearly in the context. In the following, we often
consider the above sum instead of the original form. We begin with the following proposition.
Proposition 2.5. Let E be a (non-split) elliptic surface over Q with f(T ) = T 3+ T ∈ Q[T ],
E : y2 = x3 + f(T )2x.
where E : S2 = T 3 + T is an elliptic curve with complex multiplication by Z[
√−1]. If we
denote
Ap(E) = 1
p
p−1∑
t=0
ap(Et),
Nagao’s conjecture is true for E , i.e.,
lim
N→∞
1
N
∑
p≤N
−Ap(E) log p = rank E(Q(T )).
Proof. We can express each fibral Frobenius trace using the Legendre symbol
ap(Et) =
(
f(t)
p
)
fp
and
pAp(E) =
p−1∑
t=0
ap(Et) =
p−1∑
t=0
(
f(t)
p
)
fp = −f2p,
where fp is the trace of Frobenius of the elliptic curve E for each prime p.
From Conjecture 2.1, we know the distribution of the trace of Frobenius is equidistributed
with respect to the uniform measure. Thus
lim
N→∞
1
pi(N)
∑
p≤N
−Ap(E) = lim
N→∞
1
pi(N)
∑
p≤N
f2p
p
=
∫ pi
0
4 cos2 θ
1
2pi
dθ = 1.
Thus Lemma 2.4 implies
lim
N→∞
1
N
∑
p≤N
−Ap(E) log p = lim
N→∞
1
pi(N)
∑
p≤N
−Ap(E) = 1.
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For verifying Nagao’s conjecture, we have to show the rank of E(Q(T )) is 1. This proof is
based on [13]. Denote K ′ = Q¯(T, S), where T and S are variables satisfying S2 = T 3 + T
which is an elliptic curve having complex multiplication by Z[
√−1]. Note that an element
r + s
√−1 ∈ Z[√−1] acts on the point (X, Y ) as :
(X, Y ) 7−→ r · (X, Y ) + s · (−X,√−1 · Y ).
We consider the elliptic curve E : y2 = x3+x defined over K ′ = Q¯(T, S) and C : S2 = T 3+T .
We can rewrite
E(K ′) = {(X = X(T, S), Y = Y (T, S)) : Y 2 = X3 +X}
and each point in E(K ′) define a map
(X(T, S), Y (T, S)) : C −→ E.
In other words, K ′-rational points of E are expressed by
E(K ′) = {Maps C → E}
= {Maps E → E}
= {r · (T, S) + s · (−T,√−1 · S) + (x0, y0) : r, s ∈ Z, (x0, y0) ∈ E(Q¯)},
since all morphisms from E to E are the composition of a translation map and an isogeny.
The surface E also can be written by Y 2 = x3 + f(T )2X and thus is K-isomorphic to E by
the map
φ : (X, Y ) 7−→ (f(T )X, f(T )3/2Y ) = (S2X,S3Y ).
Define
P = φ(T, S) = (S2T, S4)
Q = φ(−T,√−1 · S) = (−S2T,√−1 · S4).
Then all K ′-rational points of E are given by
{r · P + s ·Q+ φ(x0, y0) : r, s ∈ Z, (x0, y0) ∈ E(Q¯)}.
Let σ be an element of Gal(K/Q¯(T )) such that Sσ = −S. Then we have P σ = P , Qσ = Q,
and
y0 = 0 ⇔ φ(x0, y0)σ = φ(x0, y0).
Thus we can write Q¯(T )-rational points of E by
{r · P + s ·Q + n0(0, 0) + n1(T 2, 0) + n2(−T 2, 0) : r, s ∈ Z, n0, n1, n2 ∈ Z/2Z}.
Therefore we can conclude the rank of E(Q(T )) is 1.

Note that we can also observe rank E(Q(i)(T )) is 2 from the above proof. Now we can pose
a natural question. How the average of Ap(E) changes if we consider splitting of primes in
the ring of integers of Q(i)? The following generalization of Proposition 2.5 can answer the
question.
Theorem 2.6. Let E be an elliptic curve over k with complex multiplication by F = Q(
√−d),
i.e., Endk¯(E)⊗Q = F . Define a (non-split) surface Ef which is a nontrivial quadratic twist
of E : S2 = f(T ) = T 3 + aT + b,
Ef : y2 = x3 + f(T )2ax+ f(T )3b,
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where a, b ∈ k. Then for a field L over k,
(i)
rank Ef(L(T )) =
{
1 if F 6⊂ L
2 if F ⊂ L.
(ii) Nagao’s conjecture is true for Ef .
We need some observations for the proof. Let H be a surface which is a non-trivial
quadratic twist of a fixed hyperelliptic curve X/k: There is a double cover C ′ → C and the
associated involution i : C ′ → C ′, then H is the minimal surface birational to
X ×k C ′
((z, x) ∼ (−z, ix)) ,
where −z denotes the involution on X to z. We can also describe H more explicitly as
follows. Fix a hyperelliptic curve X/k and let f(X) ∈ k[X ] with distinct roots. Also, let
X : Y 2 = f(X).
Then there is a function g ∈ k(C)∗ such that H is a regular proper model for the surface
gY 2 = f(X).
We generalize [16, Proposition 2.3] for the above surface H . Denote K = k(C) by the
function field of C defined over k. Let NH be the Ne´ron model of H considered as a curve
over K. Without loss of generality, we assume C is affine. To begin with, we recall the Ne´ron
mapping property.
Definition 2.7. (Ne´ron mapping property) Let R be a Dedekind domain with fractional field
k, and let A/k be an abelian variety. A Ne´ron model A of A satisfies the following universal
property:
Let X /R be a smooth R-scheme with generic fiber X/k. For each rational
map φK : X/k → A/k defined over k, there exists a unique R-morphism
φR : X/R → A/R extending φk.
Proposition 2.8. Let H be the twist of X/k using the double cover C ′ → C. Denote J and
J ′ by the Jacobian varieties of C and C ′ respectively. Also, let JX be the Jacobian variety of
X. We show the following statements.
(a)
rankHomk(J, JX) = rankMork(C, JX)/JX(k) = rankNS(JX × C/k)− 2.
(b) Let i : C ′ → C ′ be the involution associated to the map C ′ → C ′. Let the eigenspaces
Mork(C
′, JX)
± = {φ ∈ Mork(C ′, JX) : φ ◦ i = ±φ}.
Then we can describe each eigenspace explicitly: Denote NH (C/k) its group of sections.
Mork(C
′, JX)
+ ∼= Mork(C, JX) and Mork(C ′, JX)− ∼= NH (C/k).
(c)
rankNH (C/k) = rankNS(JX × C ′/k)− rankNS(JX × C/k)
= rankHomk(J
′, JX)− rankHomk(J, JX).
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Proof. For (a), the first equality follows from [15, Lemma 3.3]. Also, the proof of [16, Propo-
sition 2.3(a)] already implies the second equality. The proof of (b) is also analogous to [16,
Proposition 2.3(b)]. A map φ : C ′ → JX descends to a map C → JX if and only if it is constant
on each fiber of C ′ → C, which is equivalent to φ◦i = φ. Thus, Mork(C ′, JX)+ ∼= Mork(C, JX).
Also, a map φ : C ′ → JX will descend to a map C → H if and only if φ respects the equiva-
lence (z, x) ∼ (−z, ix), and if and only if φ ◦ i = −φ. On the other hand, the Ne´ron mapping
property tells the map C → H extends uniquely to a section Spec(K[C])→ NH . Thus, the
second isomorphism of (b) holds. Consider the following maps
F : Mork(C
′, JX)
+ ×Mork(C ′, JX)− → Mork(C ′, JX), F (φ1, φ2) = φ1 + φ2,
G : Mork(C
′, JX)→ Mork(C ′, JX)+ ×Mork(C ′, JX)−, G(φ) = (φ+ i(φ), φ− i(φ)),
where i is the natural involution on Mork(C
′, JX) induced from the involution on C ′. Then
we have
F (G(φ)) = 2φ, and G(F (φ1, φ2)) = 2(φ1, φ2).
Thus, Mork(C
′, JX) is isomorphic to the direct sum of Mork(C ′, JX)+ and Mork(C ′, JK)− up
to 2-torsion. Therefore, (c) follows from (a) and (b). 
Thus, by the construction of the Ne´ron model, we have the following isomorphism
NH (C/K) = {sections Spec(K[C])→ NH }
= NH (K[C])
∼= JX(K).
Therefore, we have the following equality of ranks:
(4) rank JX(K) = rankHomk(J
′, JX)− rankHomk(J, JX).
Taking C ′ = X and C = P1, this implies
(5) rank JX(K) = rankEndk(JX).
We resume the proof of Theorem 2.6.
Proof of Theorem 2.6. Given a prime ideal p of k, denote the trace of Frobenius of E by fp.
Since we are working on the quadratic twist of E, for fixed T = t, we have
ap(Eft ) = χp(f(t)) · fp,
where χp : F
∗
p → {1,−1} is the unique nontrivial character of order 2. Naturally, define
χp(0) = 0, and
fp = qp + 1−#E(Fp)
= qp + 1−

1 +∑
t∈Fp
1 + χp(f(t))


= −
∑
t∈Fp
χp(f(t)),
which shows
Ap(Ef) = 1
qp
∑
t∈Fp
ap(Eft ) =
1
qp
∑
t∈Fp
χp(f(t)) · fp = −
f2p
qp
.
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Thus we get
lim
N→∞
1
pi(N)
∑
qp≤N
−Ap(Ef) = lim
N→∞
1
pi(N)
∑
qp≤N
f2p
qp
.
Recall that if E has complex multiplication defined over L, θp = arccos
ap
2
√
qp
is uniformly
distributed on [0, pi]. On the other hand, if E has complex multiplication not defined over L,
θp = arccos
ap
2
√
qp
is half uniformly distributed on [0, pi] and takes discrete measure of mass 1
2
at pi
2
. Thus, if F ⊂ L, we can do the calculation
lim
N→∞
1
pi(N)
∑
qp≤N
−Ap(Ef) = lim
N→∞
1
pi(N)
∑
qp≤N
f2p
qp
=
∫ pi
0
4 cos2 θ
1
pi
dθ = 2.
Similarly we get 1 for the case F 6⊂ L. To finish the proof, we need to show rank Ef(L(T ))
agrees to 2 and 1 in each case. From Proposition 2.8, we have
rank Ef(L(T )) = rankEndL(E).
Also we need the following theorem from [21, II.2.2.].
Theorem 2.9. Let E be an elliptic curve defined over a field L ⊂ C and with complex
multiplication by the quadratic imaginary field K ⊂ C. Then every endomorphism of E is
defined over the compositum LK.
Thus if F ⊂ L where F is the complex multiplication field of E, we have rankEf(L(T )) = 2,
and 1 otherwise. Thus we showed Nagao’s conjecture holds for the surface Ef . 
3. Nagao’s conjecture and the Sato-Tate conjecture for abelian surfaces
We can generalize Nagao’s conjecture for elliptic surfaces to smooth projective surfaces
over a number field. The formulation of Nagao’s conjecture for smooth projective surfaces
follows [5].
3.1. Nagao’s conjecture for smooth irreducible projective surfaces.
Let k/Q be a number field. Let X be a smooth irreducible projective surface over k and C be
a smooth irreducible projective curve over k which allows a proper flat morphism f : X → C
so that the fibers are curves of (arithmetic) genus g ≥ 1. The assumption on f : X → C
implies the irreducibility and smoothness of the generic fiber. Denote the generic fiber of f
by X/K, where K = k(C) is the function field of C. Also, denote J(X) the Jacobian of X
and (B, τ) the K/k-trace of J(X). The definition of K/k-trace follows S. Lang [10, p.138].
Definition 3.1. Let k be a number field and K be a function field defined over k. A K/k-
trace of an abelian variety A over K is a pair (B, τ) with an abelian variety B over k and
a homomorphism τ : B → A over K with the following universal mapping property: For
an abelian variety C over k and a homomorphism ϕ : C → A defined over K, there exists
a unique homomorphism ϕ¯ : C → B defined over k which makes the following diagram
commutes.
C A
B
ϕ
ϕ¯ τ
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We know J(X)(K)/τ(B(k)) is finitely generated by the theorem of S. Lang and A. Ne´ron
[11][14].
For a prime ideal p in k, we can consider the reduction fp of f . Define a finite set of
prime ideal S which satisfies the following conditions: For all p /∈ S, X and C have good
reduction and
fp : Xp → Cp
is proper and flat. Also, the fibers are curves with arithmetic genus g over the residue field
Fp. Denote Xp,c = f−1p (c), i.e., the fiber of fp at c ∈ Cp. Denote X p,c = Xp,c ×k k¯, where k¯ is
the algebraic closure of k. Define Gk = Gal(k¯/k) be an absolute Galois group of k.
Let Frp ∈ Gk be a Frobenius element and Ip ⊂ Gk be the inertia group. Also, define the
discriminant of f , ∆ = {c ∈ C : Xp,c is singular}. By enlarging the set S, we can make the
discriminant of fp is the same as the discriminant of f modulo p outside of S.
Let Frp be the Frobenius automorphism on H
1
e´t(X p,c,Ql). Define the trace of Frobenius
using cohomology
ap(Xp,c) = Tr(Frp|H1e´t(X p,c,Ql)),
where we consider cohomology with proper support if c ∈ ∆p(Fp). Also, define
ap(B) = Tr(Frp|H1e´t(B,Ql)Ip).
By enlarging the set S if necessary, we can assume B has good reduction for primes p /∈ S,
i.e.,
ap(B) = Tr(Frp|H1e´t(B,Ql)).
Hindry and Pacheco [5] generalize Conjecture 2.1 for smooth irreducible projective surfaces
as follows.
Conjecture 3.2 (Nagao’s conjecture for smooth irreducible projective surfaces, [5]). Define
the average trace of Frobenius
Ap(X ) = 1
qp
∑
c∈Cp(Fp)
ap(Xp,c),
and
A∗p(X ) = Ap(X )− ap(B).
Then the following equality holds
lim
N→∞
1
N
∑
p/∈S
qp≤X
−A∗p(X ) log qp = rank(J(X)(K)/τB(k)).
In this section, we are mostly interested in the case when X is a surface with genus 2 fibers
with C = P1. The Sato-Tate conjecture for the application of Conjecture 3.2 for the above
X is much more complicated from Conjecture 2.1 of the previous section. Unlike Conjecture
2.1, there are 52 possibilities of different Sato-Tate distributions which corresponds to the
appearance of 52 different Sato-Tate groups up to conjugacy. To begin with, we state the
main result of this section.
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Remark 3.3. From now on, we assume B is trivial which simplifies Conjecture 3.2. Using
the above notation, roughly, since we consider fields with zero characteristic, the K/k-trace
is the largest subvariety of J(X) that can be defined over k. For instance, the K/k-trace of
a non-constant elliptic curve is trivial [2, Example 2.2]. For more information, one can refer
to [2][5] and [10].
Theorem 3.4. Let y2 = f(T ) be a hyperelliptic curve of genus 2 defined over Q, that is to
say, f(T ) ∈ Q[T ] is a monic, square-free polynomial with degree 5 or 6. Define a surface
X f → P1:
X f : f(T )y2 = f(x),
and suppose the Jacobian of its generic fiber Xf/Q(T ) has trivial Q(T )/Q-trace. Then the
Sato-Tate conjecture for abelian surfaces implies Nagao’s conjecture for X f . More precisely,
if X ft denotes the genus 2 curve at T = t, define the average trace of Frobenius
Ap(X f) = 1
p
p−1∑
t=0
ap(X ft ).
Then the following equality holds.
lim
N→∞
1
pi(N)
∑
p<N
−Ap(X f) = rank J(Xf )(Q(T )).
3.2. The Sato-Tate conjecture for an abelian surface.
We state briefly the Sato-Tate conjecture for an abelian surface. The presented formulation
is from [3]. For a genus 2 curve C, we know from the Weil conjectures for its Jacobian
A = J(C), there is a zeta function for each p which can be factored in the following way,
Z(A/Fp, T ) =
1 + apT + bpT
2 + papT
3 + p2T 4
(1− T )(1− pT ) .
We denote the numerator of Z(A/Fp, T ) by Lp(A, T ). It is known that Lp(A, T ) = det(1 −
T Frobp, Vl(A)) where Frobp is an arithmetic Frobenius element of Gk = Gal(k
sep/k) acting
on the (rational) l-adic Tate module of A, Vl(A) = Q ⊗ Tl(A) and define the normalized
L-polynomial L¯p(A, T ) = Lp(A, q
− 1
2T ). Then we know the roots of L¯p(A, T ) have norm 1 and
are stable under complex conjugation as a set. Thus L¯p(A, T ) corresponds to a unique ele-
ment in the unitary symplectic group USp(4) up to conjugacy: L¯p(A, T ) is the characteristic
polynomial of the corresponding matrix.
USp(4) = U(4) ∩ Sp(4,C),
where U(4) is the group of unitary matrices and Sp(4,C) is the symplectic group of degree 4
over C, that is to say, the group of 4× 4 symplectic matrices with entries in C.
In [8], Katz and Sarnak conjectured the equidistribution of L¯p(A, T ) (also, the equidistri-
bution of trace of Frobenius which appears as the coefficient of Lp(A, T )) with respect to a
measure arising from the above correspondence. More precisely, Lp(A, T ) are equidistributed
with respect to the image of the normalized Haar measure on Conj(USp(4)) which arises from
a suitable closed subgroup G of USp(4). The carefully selected closed group G ⊂ USp(4) is
called the Sato-Tate group of A and is denoted by STA. The exact definition can be found
in [3, Definition 2.6]. Using the Sato-Tate group, we can phrase the Sato-Tate conjecture for
genus 2.
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Conjecture 3.5 (Refined Sato-Tate for genus 2, [3]). For an abelian surface A and its
Sato-Tate group STA, we define µSTA to be the image on Conj(STA) of the normalized Haar
measure on STA. Then the classes s(p) ∈ Conj(STA) are equidistributed with respect to µSTA.
The refined form of Sato-Tate implies the following.
(1) From the above identification, the L-polynomials of A, L¯p(A, T ) in Conj(USp(4)), are
equidistributed with respect to the image of the Haar measure for STA.
(2) By using the definition of Sato-Tate group, one can get the equidistribution of L¯p(A, T )
in Conj(STA). See [3] for details.
(3) One can relate STA to the endomorphism ring of A. See [3] for details.
One can write down all the possible Sato-Tate groups for genus 2. It turns out that there
are exactly 52 possible conjugacy classes of the Sato-Tate group for an abelian surface A.
Moreover, we know that only 34 of them can arise when k = Q. Table 1, from [3, Table 8,
Table 11], shows the possible Sato-Tate groups and related information. In this table, the
third column represents E[a2p/p], the second moment of the trace of Frobenius of given curve
with the fixed Sato-Tate group in the first column. The fourth column gives examples of
curves of prescribed Sato-Tate groups.
Now we can resume proof of Theorem 3.4.
Proof of Theorem 3.4. Denote by fp the trace of Frobenius of the genus 2 hyperelliptic curve
y2 = f(X). For fixed T = t, we have
ap(X ft ) =
(
f(t)
p
)
fp
and we know
Ap(X f) = 1
p
p−1∑
t=0
ap(C
f
t ) =
1
p
p−1∑
t=0
(
f(t)
p
)
fp = −
f2p
p
.
Therefore
lim
N→∞
1
pi(N)
∑
p<N
−Ap(X f) = lim
N→∞
1
pi(N)
∑
p<N
f2p
p
=
(
Second moment of normalized
trace of Frobenius fp/
√
p
)
.
We know, from the above classification, the Jacobian Jf of y
2 = f(x) has one of the groups
above as its the Sato-Tate group. And one can easily read off the second moment of the
normalized trace of Frobenius from the third column of Table 1. On the other hand, we know
from Proposition 2.8,
rank J(Xf)(Q(T )) = rankEndQ(Jf) = rankR(EndQ(Jf )⊗Z R).
Again, the value rankR(EndQ(Jf )⊗ZR) is the R−rank of the endomorphism ring on the second
column of Table 1 for the given Sato-Tate group of y2 = f(x). We can see the coincidence of
these two different values for each Sato-Tate group, and thus we get Conjecture 3.2 for each
Sato-Tate group. 
Example 3.6. (Case STJ(C) = USp(4)) For a genus 2 curve C, we know its Jacobian A =
J(C) has L-polynomial
Lp(A, T ) = 1 + apT + bpT
2 + papT
3 + p2T 4
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Table 1. Possible Sato-Tate group over Q from [3, Table 8, Table 11]
STJ(C) End(J(C))R E[a
2
p/p] Example
J(C2) C 2 y
2 = x5 − x
J(C4) C 2 y
2 = x6 + x5 − 5x4 − 5x2 − x+ 1
J(C6) C 2 y
2 = x6 − 15x4 − 20x3 + 6x+ 1
J(D2) R 1 y
2 = x5 + 9x
J(D3) R 1 y
2 = x6 + 10x3 − 2
J(D4) R 1 y
2 = x5 + 3x
J(D6) R 1 y
2 = x6 + 3x5 + 10x3 − 15x2 + 15x− 6
J(T ) R 1 y2 = x6 + 6x5 − 20x4 + 20x3 − 20x2 − 8x+ 8
J(O) R 1 y2 = x6 − 5x4 + 10x3 − 5x2 + 2x− 1
C2,1 M2(R) 4 y
2 = x6 + 1
C6,1 C 2 y
2 = x6 + 6x5 − 30x4 + 20x3 + 15x2 − 12x+ 1
D2,1 R× R 2 y2 = x5 + x
D4,1 R 1 y
2 = x5 + 2x
D6,1 R 1 y
2 = x6 + 6x5 − 30x4 − 40x3 + 60x2 + 24x− 8
D3,2 R× R 2 y2 = x6 + 4
D4,2 R× R 2 y2 = x6 + x5 + 10x3 + 5x2 + x− 2
D6,2 R× R 2 y2 = x6 + 2
O1 R 1 y
2 = x6 + 7x5 + 10x4 + 10x3 + 15x2 + 17x+ 4
E1 M2(R) 4 y
2 = x6 + x4 + x2 + 1
E2 C 2 y
2 = x6 + x5 + 3x4 + 3x2 − x+ 1
E3 C 2 y
2 = x5 + x4 − 3x3 − 4x2 − x
E4 C 2 y
2 = x5 + x4 + x2 − x
E6 C 2 y
2 = x5 + 2x4 − x3 − 3x2 − x
J(E1) R× R 2 y2 = x5 + x3 + x
J(E2) R 1 y
2 = x5 + x3 − x
J(E3) R 1 y
2 = x6 + x3 + 4
J(E4) R 1 y
2 = x5 + x3 + 2x
J(E6) R 1 y
2 = x6 + x3 − 2
Fac R 1 y
2 = x5 + 1
Fa,b R× R 2 y2 = x6 + 3x4 + x2 − 1
N(G1,3) R× R 2 y2 = x6 + 3x4 − 2
G3,3 R× R 2 y2 = x6 + x2 + 1
N(G3,3) R 1 y
2 = x6 + x5 + x− 1
USp(4) R 1 y2 = x5 − x+ 1
and we can normalize it by L¯p(A, T ) = Lp(A, q
− 1
2T ). As we explained before, we know the
roots of L¯p(A, T ) have norm 1 and are stable under complex conjugation as a set. If we
represent 1√
p
Frobp as a matrix, it is conjugate to the matrix


eiθ1
eiθ2
e−iθ1
e−iθ2


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which is in USp(4). We can write
det(1− T Frobp, V1(A)) = (1− T√peiθ1)(1− T√peiθ2)(1− T√pe−iθ1)(1− T√pe−iθ2).
Thus we have
ap =
√
p(2 cos θ1 + 2 cos θ2).
Let’s compute explicitly the case when the Sato-Tate group STJ(C) is USp(4). We know an
explicit Haar measure on USp(4),
8
pi2
(cos θ1 − cos θ2)2 sin2 θ1 sin2 θ2 dθ1dθ2.
Thus the second moment of the linear coefficient of the normalized L-polynomial is
4
∫ pi
0
∫ pi
0
(cos θ1 + cos θ2)
2 · 8
pi2
(cos θ1 − cos θ2)2 sin2 θ1 sin2 θ2 dθ1dθ2 = 1,
which means
lim
N→∞
1
pi(N)
∑
p<N
−Ap(C) = lim
N→∞
1
pi(N)
∑
p<N
a2p
p
= 1.
On the other hand, from the last line of Table 1 and Theorem 3.4, this is equal to the rank
of J(C)(Q(T )).
Thus we have shown Nagao’s conjecture for the twist
f(T )y2 = f(x),
where f(x) ∈ Q[x] is a polynomial of degree 3 or 5. How much can we see when the twist has
a little different form? Actually we can prove that the Sato-Tate conjecture implies Nagao’s
conjecture for twists of the form
f(T 2)y2 = f(x)
with f(x) ∈ Q[x] of degree 3 or 5. For proving this, let’s first introduce a theorem of S.
Peterson [15]. Denote k∗ = k \ {0}. Recall the projective linear group
PGL2(k) := GL2(k)/k
∗
which may be identified with the automorphism group of P1, i.e.,(
a b
c d
)
: X 7→ aX + b
cX + d
Theorem 3.7. Let k be a number field. Let f(x) ∈ k[x] be a monic, squarefree polynomial
of odd degree d. Suppose that there is an automorphism σ(x) ∈ PGL2(k) which permutes the
roots of f . Suppose furthermore that σ(x) does not have a pole at ∞. Let
D(T ) = f
(
T 2
f(σ(∞)) + σ
−1(∞)
)
.
Denote by Jf , JD, and J
D
f the Jacobian defined with the curves y
2 = f(x), y2 = D(T ),
and D(T )y2 = f(x) respectively. Also, denote by ap(JD) and ap(Jf) the linear coefficient of
Lp(JD, T ) and Lp(Jf , T ) respectively. Then we have
(1) There is a k-isogeny JD ∼ Jf × Jf .
(2) We have rank JDf (k(T )) = 2 rankEndk(Jf).
(3) The L-polynomial of JD factors nicely, Lp(JD, T ) = Lp(Jf , T )
2, i.e., the linear coeffi-
cients satisfy
ap(JD) = 2ap(Jf).
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Proof. (1) and (2) follows from [15, Theorem 7.4]. Isogenous abelian varieties have the same
L-function, thus (3) follows. 
For the next theorem, we adopt the notation from Theorem 3.7.
Theorem 3.8. Let f(x) ∈ Q[x] be an monic, squarefree polynomial of degree 3 or 5. Suppose
that there is an automorphism σ(x) ∈ PGL2(Q) which permutes the roots of f . Suppose
furthermore the σ(x) does not have a pole at ∞. Let D(T ) = f( T 2
f(σ(∞)) ). Define a surface
X fD → P1 by
X fD : D(T )y2 = f(x)
and assume the Jacobian of its generic fiber XfD/Q(T ) has trivial Q(T )/Q-trace. Then the
following hold.
(1) If f(x) has degree 3, Nagao’s conjecture is true for X fD.
(2) If f(x) has degree 5, the Sato-Tate conjecture for abelian surfaces implies Nagao’s
conjecture for X fD (Conjecture 3.2).
Moreover, if f(x) is a self-reciprocal (palindromic) polynomial, we can choose σ(x) =
1
x
. Then Nagao’s conjecture is true for the surface
f(T 2)y2 = f(x).
Proof. By Theorem 3.7(3), we have ap(JD) = 2ap(Jf) Thus we have
p−1∑
t=0
(
D(t)
p
)
= 2
p−1∑
t=0
(
f(t)
p
)
.
Therefore if we write the trace of Frobenius of the curve y2 = f(X) by fp, we have
ap(X fD,t) =
(
D(t)
p
)
fp,
where X fD,t is the specialization of X fD at T = t. Thus we obtain
p · Ap(X fD) =
p−1∑
t=0
ap(X fD,t) =
p−1∑
t=0
(
D(t)
p
)
fp = −2f2p
and
lim
N→∞
1
pi(N)
∑
p<N
−Ap(X fD) = lim
N→∞
1
pi(N)
2
∑
p<N
f2p
p
,
which corresponds to twice of the second moment of the normalized trace of Frobenius in
Table 1, which is equal to the rank of endomorphism ring of Jf . Thus by using Theorem
3.7(2) we can conclude that the Sato-Tate conjecture for abelian surfaces implies Nagao’s
conjecture for the family.

Moreover, we can generalize to the higher genus case assuming a nice factorization of the
relevant Jacobian.
Theorem 3.9. Let y2 = f(x) be an elliptic curve or a hyperelliptic curve of genus 2 defined
over Q. We consider a surface X fD → P1 which is defined using a hyperelliptic curve y2 =
D(T ) ∈ Q[T ]
X fD : D(T )y2 = f(x).
16 S. KIM
Denote by Jf and JD the Jacobian defined with the curves y
2 = f(x) and y2 = D(T ) respec-
tively. Also, denote the generic fiber of X fD by XfD/Q(T ), and we assume that XfD/Q(T ) has
trivial Q(T )/Q-trace. Assume that the Jacobian of D has a (Q-isogenous) factorization as r
copies of Jf , i.e., JD ∼ Jrf . Then the following hold.
(1) If y2 = f(x) is an elliptic curve, Nagao’s conjecture is true for X fD.
(2) If y2 = f(x) is a hyperelliptic curve of genus 2, the Sato-Tate conjecture for abelian
surfaces implies Nagao’s conjecture for X fD (Conjecture 3.2).
Note that Theorem 3.8 is a special case of Theorem 3.9 when r = 2.
Proof. Since isogenous abelian varieties have the same L-polynomial, from the factorization
JD ∼ Jrf , we can deduce
Lp(JD, T ) = Lp(Jf , T )
r.
Thus we know the trace of Frobenius of JD and Jf , ap(JD) and fp respectively, satisfy the
following relation
ap(JD) = r · fp,
which implies the equality
p−1∑
t−0
(
D(t)
p
)
= r
p−1∑
t=0
(
f(t)
p
)
= −r · fp.
On the other hand, we can write the trace of Frobenius for each fiber of X fD,t as
ap(X fD,t) =
(
D(t)
p
)
· fp,
thus we have
p−1∑
t=0
ap(X fD,t) =
p−1∑
t=0
(
D(t)
p
)
· fp = −r · f2p,
using the factorization of JD. Thus if y
2 = f(x) is an elliptic curve (if say, defined over a
number field k),
lim
N→∞
1
pi(N)
∑
p<N
−Ap(X fD) =
{
2r if E has CM and k contains the field of CM,
r otherwise.
When y2 = f(x) is a hyperelliptic curve of genus 2, we get
lim
N→∞
1
pi(N)
∑
p<N
−Ap(X fD) = r ·
(
Second moment of normalized
trace of Frobenius fp/
√
p
)
,
which is shown in the third column of Table 1 for each Sato-Tate type.
On the other hand, for a number field k, we know from the Proposition 2.8
J(XfD)(k(T )) ∼ Homk(JD, Jf) ∼ Homk(Jrf , Jf) ∼ Homk(Jf , Jf)r.
Thus we can conclude
rank J(XfD)(k(T )) = r · rankEndk(Jf),
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which is equal to the second moment of the normalized trace of Frobenius for both cases
with k = Q, i.e., for hyperelliptic y2 = f(x) case, it’s r times the second column of Table 1.
Therefore the following equality holds
lim
N→∞
1
pi(N)
∑
p<N
−Ap(X fD) = rank J(XfD)(Q(T ))
and by Lemma 2.4, Nagao’s conjecture is true
lim
N→∞
1
N
∑
p<N
−Ap(X fD,t) log p = rank J(XfD)(Q(T )).

Remark 3.10. The Sato-Tate conjecture for abelian surfaces (Conjecture 3.5) over number
fields which are Q-isogenous to the square of an elliptic curve with complex multiplication is
proven by F. Fite´ and A. Sutherland [4], and C. Johannson [9]. The first 18 lines in Table 1
are the corresponding cases. Moreover, the conjecture is also true for the next 5 lines, i.e.,
E1, E2, E3, E4, E6, and also for Fac and Fa,b by [9].
Remark 3.11. The restriction on the genus of y2 = f(x) in Theorem 3.8 and Theorem 3.9
is essentially because the Sato-Tate conjecture for genus greater than 2 has not been studied
yet.
Theorem 3.12. Let E : y2 = f(x) be an elliptic curve over Q. We can consider a surface
X fD → P1 which is defined using a hyperelliptic curve y2 = D(T ) ∈ Q[T ]
X fD : D(T )y2 = f(x).
Denote by Jf and JD the Jacobian defined with the curves y
2 = f(x) and y2 = D(T ) re-
spectively. Also, denote the generic fiber of X fD by XfD/Q(T ), and we assume that XfD/Q(T )
has trivial Q(T )/Q-trace. Assume that the Jacobian of D has a (Q-isogenous) factorization
JD ∼ Er × E1 × E2 × · · · × Es, where Ei are elliptic curves without complex multiplication
which are not isogenous to E for i = 1, 2, · · · , s. Then Nagao’s conjecture is true for X fD.
Proof. From the factorization JD ∼ Er×E1×E2× · · ·×Es, we can deduce the factorization
of the L-polynomial of JD
Lp(JD, T ) = Lp(E, T )
r · Lp(E1, T ) · Lp(E2, T ) · · ·Lp(Es, T ).
Thus we get a relation of the trace of Frobenius ap(E), ap(Ei) of each E and Ei for i = 1, · · · , s
by comparing the linear coefficient of the L-polynomials.
ap(JD) = r · ap(E) + ap(E1) + ap(E2) + · · ·+ ap(Es)
and
p−1∑
t=0
(
D(t)
p
)
= −r · ap(E)− ap(E1)− · · · − ap(Es).
On the other hand, we can write the trace of Frobenius of each fiber of X fD,t as
ap(X fD,t) =
(
D(t)
p
)
· ap(E),
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so
p−1∑
t=0
ap(X fD,t) =
p−1∑
t=0
(
D(t)
p
)
· ap(E)(6)
= −r · ap(E)2 − ap(E) · ap(E1)− ap(E) · ap(E2)− · · · − ap(E) · ap(Es).(7)
We know two nonisogenous elliptic curves without complex multiplication have the product
Sato-Tate distribution [12, Proposition 2.1] which leads to
lim
N→∞
1
pi(N)
∑
p<N
−Ap(XDf,t)
= lim
N→∞
1
pi(N)
∑
p<N
(
r · ap(E)
2
p
+
ap(E)√
p
· ap(E1)√
p
+ · · ·+ ap(E)√
p
· ap(Es)√
p
)
= r ·
∫ pi
0
4 cos2 θ · 2
pi
sin2 θdθ +
∫ pi
0
4 cos θ cos θ1 · 4
pi2
sin2 θ sin2 θ1 · dθdθ1
+ · · ·+
∫ pi
0
4 cos θ cos θs · 4
pi2
sin2 θ sin2 θs · dθdθs
= r + 0 + · · ·+ 0
= r.
Further, since the Ei are nonisogenous to E for all i = 1, · · · s,
J(XfD)(Q(T )) ∼ Hom(JD, E)
∼ Hom(Er ×E1 × · · · × Es, E)
∼ Hom(E,E)r × Hom(E1, E)× · · · ×Hom(Es, E)
∼ Hom(E,E)r.
Thus we can conclude
rank J(XfD)(Q(T )) = r · rankEnd(E) = r,
which tells us
lim
N→∞
1
pi(N)
∑
p<N
−Ap(XDf,t) = rank J(XfD)(Q(t)).
Therefore, Nagao’s conjecture is true by Lemma 2.4, i.e.,
lim
N→∞
1
N
∑
p<N
−Ap(X fD,t) log p = rank J(XfD)(Q(T )).

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